Abstract. In this note we sketch a method to prove that several sets of bounded non-absolutely p-summing operators are lineable. We partially solve a question posed by Puglisi and Seoane-Sepúlveda on this subject.
Introduction and notation
In the following E, F, G are always infinite-dimensional Banach spaces. The topological dual of F is represented by F * . A subset A of an infinite-dimensional vector space X is lineable ( [1, 7] ) if A ∪ {0} contains an infinite-dimensional subspace.
The space of absolutely (r, s)-summing operators from E to F will be denoted by L as(r,s) (E; F ) (L as,r (E; F ) if r = s) and the space of bounded linear operators from E to F will be represented by L(E; F ). For details on the theory of absolutely summing operators we refer to [6] .
Recently D. Puglisi and J. Seoane-Sepúlveda [12] proved that if E is has the two series property and G = F * for some F , then
is lineable. In the same paper the authors propose the following question:
is lineable for every Banach space F ?
In this short note we answer this problem in the positive, except for very particular quite pathological cases.
Results
We will call a Banach space E infinitely decomposable if there is a sequence (X j ) ∞ j=1 of infinite-dimensional (closed) complemented subspaces of E such that Proof. If E is infinitely decomposable, we can find a sequence (E n ) n of infinitedimensional complemented subspaces of E such that E i ∩ E j = {0} if i = j (precisely we can choose in (2.1) E j = X 2j−1 for every j ≥ 1). From [5] we know that for each j there is a u j : E j → F which belongs to L(E j ; F ) L as,p (E j ; F ) (recall that a closed subspace of a superrreflexive space is superreflexive). By composing with the (continuous) projections from E to E j we get operators
It is easy to verify that the span of { u j ; j ∈ N} is an infinite-dimensional space and is contained in L(E; F ) L as,p (E; F ). Now, suppose that F contains a subspace F 1 with unconditional basis {e n ; n ∈ N}. First consider N = A 1 ∪ A 2 ∪ ... such that each A j has the same cardinality of N and so that the sets A j are pairwise disjoint. Since {e n ; n ∈ N} is an unconditional basis, each {e n ; n ∈ A j } is an unconditional basic sequence (this is well-known -it can be seen as a consequence of [10, Prop. 1.c.6] and [2, Prop 1.1.9]). Let us denote by F j the closed span of {e n ; n ∈ A j }. From [5] we know that for each j there is a
Recall that there is a constant ̺ > 0 so that
a j e j ∈ F and x = P i (y). We have
for some choice of ε j and ε ′ j .We thus have
So each projection P i : F → F i is continuous and has norm ≤ ̺. This also implies that each F i is a complemented subspace of F . Recall that F i ∩ F j = {0} if i = j. So, if y i ∈ F i and y j ∈ F j (with i = j), we have (2.2)
Now, compose the operators u j with the inclusion from F j to F (and denote the corresponding operators by u j ). So, from (2.2) we have that
for every x ∈ E. Hence
and we can easily deduce that the span of { u j ; j ∈ N} is an infinite-dimensional space and is contained in L(E; F ) L as,p (E; F ).
Remark 1. Note that the previous result covers "virtually all" the pairs (E, F ) from the problem proposed by Puglisi and Seoane-Sepúlveda. Cases not covered by our result are quite pathological. For example, a pair (E, F ) where E is superreflexive and hereditarily indecomposable (an example is given in [8]) and F with no closed subspace with unconditional basis (such an F is related to the famous Gowers Dicotomy Theorem).
The arguments of the previous proposition can be adapted to many other circumstances, even for the cases of non-superreflexive spaces. For example:
Proposition 2. Let E be any Banach space (not necessarily superreflexive). If
Proof. The idea follows the lines of the previous proof. Just note that c 0 is a (noncomplemented!) subspace of l ∞ and from [4] we know that for every E we have
Using that c 0 has infinitely many "independent" copies of itself and the idea of the proof of Proposition 1 we get the result.
Non-absolutely summing operators on spaces with unconditional basis
Below, the idea of the proof of Proposition 1 can be easily adapted for situations in which the domains contain l 1 or c 0 (which are non-superreflexives!): F ) is lineable. This occurs since l 1 is infinitely decomposable (through copies of l 1 ) and from [9] we know that
Then we proceed as in the proof of Proposition 1.
is lineable for every 1 ≤ p < 2 and every F . This occurs because, as in the case of l 1 , c 0 is infinitely decomposable (through copies of c 0 ) and from [3, 11] we know that
and again we follow the proof of Proposition 1 to obtain the lineability.
In [3] there are several results on coincidences and non coincidences for (multi)linear absolutely summing operators. For example, in [3, Corollary 2.1] it is proved that under certain conditions L(E; F ) L as(r,s) (E; F ) = φ for certain spaces E with unconditional Schauder basis. In this section we will show that we also find lineability in this context. Let us introduce some terminology.
If E has unconditional basis (
Let cot F denotes the infimum of the cotypes assumed by F . The following result appears in [3, Corollary 2.1]:
If q < cot F, E has an unconditional Scahuder normalized basis (x n )
We will show that, in fact, L(E; F ) L as(q,1) (E; F ) is lineable. Consider, as in the proof of Proposition 1,
such that each A j has the same cardinality of N and so that the sets A j are pairwise disjoint. From the proof of Proposition 1 we know that each {x n ; n ∈ A j } is an unconditional basic sequence and the closed span of {x n ; n ∈ A j } is a complemented subspace of E. We will need the following simple Lemma (a proof can be found in [12] ): and
Proof. Since µ E,(xn) > q, we can find (a i )
a j x j ∈ E and (3.1)
From Lemma 1 we can find a sequence (A j ) ∞ j=1 satisfying (i)-(iv) related to the series (3.1). So, for each positive integer k, consider the spaces E k = span{x j ; j ∈ A k }.
For every k we know that E k is a complemented subspace of E and from the choice of A k we have that µ E k ,(xn) > q. From [3, Corollary 2.1] it follows that L(E k ; F ) L as(q,1) (E k ; F ) = φ for every k. Since each E k is a complemented subspace of E the result follows by repeating the procedure of the proof of Proposition 1.
